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Exciton condensation in quantum wells. Excitonic hydrodynamics. Autosolitons
V.I. Sugakov∗
The hydrodynamics equations for indirect excitons in the double quantum wells are obtained
taking into account 1) a possibility of an exciton condensed phase formation, 2) the presence of a
pumping, 3) the finite value of the exciton lifetime, 4) the exciton scattering by defects. New types
of solutions in the form of bright and dark autsolitons are obtained for the exciton density. The role
of localized and free exciton states is analyzed in a formation of the emission spectra.
PACS numbers: 71.35.Lk, 73.21.Fg
I. INTRODUCTION
While seeking the exciton Bose-Einstain condensation
in double quantum wells, the several non-trivial effects
were observed. A very large exciton lifetime is a spe-
cial feature of excitons in double quantum well in the
presence of an electric field directed in parallel to the
normal of quantum well plain1. The effect occurs due
to the separation of electrons and holes into the differ-
ent wells, which causes a very weak overlapping their
wave function and the damping of the mutual recombi-
nation. The large lifetime allows one to create a high
concentration of the excitons at small pumping and to
study a manifestation of the effects of exciton-exciton in-
teraction. Excitons with electrons and holes localized in
different wells are called ’indirect excitons’. The nonzero
dipole moment of the indirect excitons should cause their
mutual repulsion that complicates the creation of the ex-
citon condensed phase. These properties and the facts,
that excitons have the integer spin and the small mass,
stimulated the search of the exciton Bose-Einstein con-
densation in double quantum wells. These investigations
gave a number of new results. So, the narrow band with
unusual properties was observed and studied by Timo-
feev’s group2–4 in the emission spectra of the indirect
excitons in AlGaAs system. It was shown that this band
appears at the some threshold pumping, also the pecu-
liarities of the temperature and pumping dependencies
were revealed. The authors3,4 builded a phase diagram
”threshold pumping - temperature”.
The nontrivial results were found in a spatial distri-
bution of exciton emission from quantum well. In the
papers5, an appearance of a ring outside the laser spot
was observed in the emission from double quantum well.
The ring radius exceeded significantly the exciton diffu-
sion length. The explanation of the appearance of the
ring was given in the papers6,7 under the assumption,
that holes are captured by the well more effectively than
electrons, and, in addition, there are donors in the crys-
tal, which create some concentration of free electrons. As
a result a region rich by holes arises in a vicinity of the
laser spot. Outside of this region the quantum well is en-
riched by free electrons. On the boundary of the region
the processes of a recombination take place, which causes
the a creation of excitons on the ring and the appearance
of a spatial distribution of the emission in the form of the
ring.
Intriguing facts appear under an investigation of the
spatial distribution of the exciton density. Different spa-
tial nonhomogeneous structures were observed in the
emission of the indirect excitons at the pumping greater a
critical value. Thus, in the paper5 a division of the emis-
sion ring was observed on separate fragments periodically
localized along the ring. In the paper8, in which the exci-
tation of the quantum well carried out through a window
in metallic electrode, the authors found in the lumines-
cence spectrum a periodical structure of the islands situ-
ated along the ring under perimeter of the window. The
number of the islands growths with increasing of the ra-
dius of the window. The similar results were obtained not
only in double quantum wells, but also in a wide quan-
tum well in the presence of a strong electric field, which
divides electrons and holes between different sides of the
quantum well. As the result the excitons with charges,
strong separated in the space, and with large lifetime are
created9. On such dipole excitons in the wide quantum
well, the effects similar to those on excitons in double
quantum wells were observed,namely the appearance of
periodical structures of the islands under the window in a
electrode10 and on the ring outside the laser spot11. Re-
cently Timofeev and coauthors12,13 presented examples
of the structures in the emission spectra at the different
forms of windows in the electrode: the rectangle, two
circles and others. In the paper14 the authors, choosing
the form of the electrode, created additional periodical
potential for excitons. It was found, that besides the
periodical structure imposed by external conditions, the
partition of the emission into fragments was observed in
the direction, in which the potential is almost uniform.
The phenomenon of the symmetry loss and the cre-
ation of structures in the emission spectra of indirect exci-
tons stimulated a series of theoretical investigations15–22.
The authors of the work15 considered the instability,
which arises under kinetics of level occupations by the
particles with the Bose-Einstein statistics. Namely, the
growth of the occupation of the level with zero mo-
ment should stimulate the transitions of excitons to this
level. But the density of excitons was found greater, and
the temperature was found lower than these values ob-
2served on the experiments. Some authors explain the
appearance of the periodicity by Bose condensation of
excitons16,17. There is a suggestion to describe the sys-
tem by a nonlinear Schrodinger equation18,19. Also a
possibility of the Mott transition in considered systems
was studied20. The periodicity appearance in the exciton
system was investigated in21 using Bogolyubov’s equa-
tions under some approximations of inter-exciton inter-
action. Let note the paper22,in which the observed in5
appearance of the islands was explained from classical
model diffusion equation with Coulomb interaction be-
tween electrons,holes, and excitons. In the listed above
works the main efforts were applied for the ascertain-
ment of the principal possibility of the appearance of the
periodicity of the exciton density distribution. A specific
application of the results for an explanation of the numer-
ous experiments of different kind (at different pumping
and temperature, nonhomogeneous external fields) was
not employed.
An appearance of an instability of the uniform dis-
tribution of the exciton density and a formation of the
periodical distribution were shown in the work23 from a
position of self-organization processes in non-equilibrium
systems for excitons with attractive interaction. The
phenomenon has the threshold behavior with respect to
a pumping. After the successful observation of peri-
odical structures in the system of indirect excitons in
double quantum well on the base of AlGaAs crystal
by Timofeev’s and Butov’s groups, the several works
were fulfilled24–30 in this model devoted to explanation
of the experiments. The theoretical approaches of the
works24–30 are based on the following assumptions.
1.There is an exciton condensed phase caused by the
attractive interaction between excitons. As was men-
tioned, there are the dipole-dipole repulsion interaction
between excitons. But the simple calculations show, that
the exchange and van der Waals interactions exceed the
dipole-dipole repulsion at certain distances between exci-
tons, if the distance between quantum wells is not very far
and the exciton dipole moment is not too large. An ex-
istence of attractive interaction between excitons is con-
firmed by the calculations of biexcitons31–34, and under
investigation of many-exciton system35.
2.The finite value of the exciton lifetime plays an im-
portant role in the formation of a spatial distribution of
exciton condensed phases. As usually, the exciton life-
time exceeds significantly the duration of the establish-
ment of a local equilibrium. By this reason, the lifetime
of excitons is suggested to be equal infinity under the so-
lutions of many exciton problems. But, the taking into
account the finiteness of the exciton lifetime is necessary
in the study of the spatial distribution phases in two-
phase systems, because the exciton lifetime is less than
the time of the establishment of the equilibrium between
phases. The last time is determined by slow diffusion
processes and is great. Just the finite exciton lifetime re-
stricts the maximal size of the exciton condensed phase
and it causes the existence of a correlation in positions
of separate regions of the condensed phase. As the result
the spatial structures of the condensed phase appear in
the shape of separate islands (in two dimensional case),
parameters of which and the mutual position depend on
the exciton lifetime. Thus, the created spatial structures
are non-equilibrium and they are a consequence of a self-
organization in non-equilibrium systems.
The theory, developed in the works24–30, has explained
many features of the indirect exciton manifestation in the
double quantum wells on the base AlGaAs crystal. So,
the observed in4 behavior of narrow band as a function
of the pumping and the temperature is presented in25.
It is follow from these calculations in accordance with
the experiment4, that the intensity of the emission of the
narrow band decreases linearly with temperature at fixed
pumping and rises ultralinearly with the growth of the
pumping at fixed temperature . The theory25 has ex-
plained the experimental ”threshold pumping - temper-
ature” phase diagram obtained in3,5. The works24,26–28
were dedicated to the interpretation of the appearance of
the periodically situated islands in the emission of spectra
from the both the ring outside the laser spot, founded in5,
and from the region of the double quantum well under
perimeter of the window in electrode, founded in8. The
theory described the sizes of the islands, the distances be-
tween them, their appearance and vanishing depending
on pumping and temperature. The calculated behavior
of the condensed phase islands around two laser spots
observed in7 is presented in30. At approaching the cen-
ters of lasers spots, the rings of the emission around two
spots transform from two rings around two centers to the
deformed single ring with two laser spots inside the ring
in according with experiment7 . The theory25 explained
an appearance of a spike observed in36 in emission of
the indirect excitons after the shutdown of a pumping by
the increasing of the exciton lifetime in a consequence of
the removal of an Auger processes. In the paper27 the
fragmentation of the inner ring in the laser spot was pre-
dicted. These fragmentation was observed recently in the
experiment37.
Several theoretical investigations were made for new
systems, which were not studied by experiments so far.
It was shown, that a periodical structure of the condensed
phase islands arise at the light irradiation in the quan-
tum well under electrode with a slot38. The chain of the
islands moves in the presence of a linear potential along
the slot. The process reminds the Gunn effect in semi-
conductors and can be called ”excitonic Gunn effect”.
The pumping dependence study of exciton density dis-
tribution in the well under the electrode in the shape of
a disk presents all stages of the phase transitions: from
the islands of the condensed phase in a gas phase till
the islands of the gas phase in an environment of the
condensed phase39. The investigation of excitonic pulse
moving in external fields40 shown that maximum exci-
ton density remains constant during the exciton lifetime
and there is a possibility of a control of pulse moving by
an another laser if the formation of the pulse occurs by
3excitons in the condensed phase.
While developing the theory, two approaches of the
theory of phase transitions were used: the model of nucle-
ation (Lifshits-Slyozov) and the model of spinodal decom-
position ( Cahn-Hillart). These models were generalized
on the particles with the finite lifetime, that is impor-
tant for interpretation of the experimental results. The
involvement of Bose-Einstein condensation for excitons
was not required for the explanation of the experiments,
the considered condensation is the condensation in real
space. Among many experiments, explained by the the-
ory, there are two ones, presented below, which did not
considered jet in the framework of the presented theory.
A. It was shown in the work41, that maximum of the
frequency dependence of the emission from the region be-
tween the islands is lower, than maximum of the emission
frequency from the islands, so from the region, where the
exciton density is large. The difference of the maxima is
small, it is less than the width of the emission band. But
on the base of this date the authors came to the conclu-
sion, that there is the repulsion interaction between exci-
tons only. This result contradicts the main assumptions
of the model of the works24–29 about the presence of at-
tractive interaction between excitons, that exist at some
distance between excitons and causes the creation of a
condensed phase. In the Appendix we present a possible
explanation of such effect in the case of the attractive in-
teraction between excitons42. The explanation is based
on the presence in the well of localized exciton states,
levels of which are situated lower than the exciton lev-
els and become saturated with increasing pumping. The
emission band is determined by the free and localized ex-
citon states. The exciton states form the upper part of
the band. With increasing pumping the number of exci-
tons and the blue part of the band emission growth. In
the case of an attractive interaction, a lowering of the ex-
citon levels caused by the exciton condensation is small
in comparison with the whole width of the band. As the
result the maximum of the emission shifts to higher side
with increasing the pumping, if the emissions from the
exciton condensed phase and from the localized states
are not separated.
B. In the works12,43,44 a coherence was observed in
the emission spectra from island44, or even from different
islands12,43. The coherence was revealed in the interfer-
ence of the emission from the different spatial points.
The effect B is not considered in the presented paper.
For its study, the microscopic model of the condensed
phase is needed. But a qualitative explanation may be
given. The interference of the wave functions does not
observed on the experiment directly, the interference of
electromagnetic waves is shown on the experiment. Be-
cause the electromagnetic field and scattered field are
coherent, the interference of the emission from two is-
lands may arise as a result of an imposition of electro-
magnetic field emitted by some island and the scattered
field by other island. It was shown in the papers45–47,
that the strong correlation between exciton densities at
different points takes place in the case when the exciton
condensed phase exists. Also there is a sharp maximum
of the Fourier transformation of the two point correla-
tion function. It is reason of a mutual connection of the
wave emitted from some point with the wave scattered
by other region. But the quantitative calculations require
the date of microscopic model of the exciton condensed
phase, particularly, the numerical value of the polariz-
ability is needed.
In the presented paper the hydrodynamics equation for
excitons is obtained for the case, if excitons are in con-
densed phase. The equations allow to describe the mov-
ing of the complicated system composed of two phases:
gas and condensed ones. We have studied the spatial dis-
tribution of both the exciton density and exciton flux in
the case of condensation at steady-state pumping. From
analysis of different solution of the equation for exciton
density it was shown the existence of exciton autosoli-
tons at some parameters of the system. Also the possible
explanation of the effect A is given taking into account
the presence of localized states, which become totaly oc-
cupied with increasing pumping.
It is necessary to emphasize that besides the system, we
investigated, there is an another one, in which the exciton
condensation is studied. It is the exciton condensation
in bilayer quantum Hall system. In this system the two
layers are filled by electrons in the presence of strong
magnetic field with total (for two wells) Landau level
filling factor νT = 1 and with total density nT = n1+n2,
where ni is the density in the separate well (i = 1, 2). An
electron in the lowest Landau level of one layer bounded
to hole in the lowest Landau level of the other layer is
considered as exciton. The review of collective effects in
such system is presented in48 . The bilayer quantum Hall
system differs from the system that we consider. The
electrons are created in the bilayer quantum Hall system
by donors and the system is equilibrium. We studied the
system in which the excitons are created by the light,the
system is non-equilibrium. The excitons have the finite
value of the lifetime and this fact influences significantly
on the behavior of the collective states, particularly, on
the formation of the spatial structures.
II. HYDRODYNAMICS OF EXCITON
CONDENSED PHASE
The hydrodynamic equations of excitons were obtained
and analyzed in the work49. In comparison with this pa-
per, we obtain42 the hydrodynamic equations of excitons
generalizing the Navier-Stokes equations taking into ac-
count the finite exciton lifetime, the pumping of exciton
and the existence of an exciton condensed phase caused
by interaction between excitons. The system is described
by the exciton density n ≡ n(~r, t) and by the velocity of
the exciton liquid ~u ≡ ~u(~r, t). The equation of the conti-
4nuity of the exciton density is rewritten in the form
∂n
∂t
+ div(n~u) = G−
n
τex
, (1)
where G is the pumping (the number of excitons created
for unit time in unit area of the quantum well), τex is
the exciton lifetime. In the comparison with the typical
equation for a liquid, the presented equation for excitons
contains the terms, that describe the pumping and the
finite lifetime of the excitons.
The equation for the movement of the unit volume of
an exciton liquid is rewritten in the form
∂mnui
∂t
= −
∂Πik
∂xk
−
mnui
τsc
, (2)
where m is the exciton mass, Πik is the tensor of the
density of the exciton flux.
Πik = Pik +mnuiuk − σ
′
ik, (3)
where Pik is the pressure tensor, σ
′
ik is the viscosity tensor
of a tension.
In comparison with the typical Navier-Stokes equation
a braking of exciton liquid by phonons and by defects is
introduced in Eq. (2). In the equation (2) we neglected
by the momentum change caused by the creation and the
annihilation of excitons. Indeed, the momentum change
in the unit time and in the unit volume owing to an dis-
appearance of the excitons has the order mnu/τex. Since
τex >> τsc this value is much less the last term in the
formula (2). The momentum change due to the addi-
tion of new excitons by pumping is small too, because
mean exciton moment, created by external light, is close
to zero.
Introducing coefficients of the viscosity and using Eq.
(1), Eq.(2) may be rewritten in the form
ρ
(
∂ui
∂t
+
(
uk
∂
∂xk
)
ui
)
= −
∂Pik
∂xk
+ η∆ui
+(ς + η/3)
(
∂
∂xi
)
div~u−
ρui
τsc
, (4)
ρ = mn is the mass of excitons in unit volume.
Let us consider the tensor of pressure. To find the
connection between the tensor and others parameters it
is needed to use the equation of the state. We suggest
that the state of the local equilibrium is realized and the
state of the system may be described by a free energy,
which depends on spatial coordinate. Let us present the
functional of the free energy in the form
F =
∫
d~r
(
K
2
(∇n)2 + f(n)
)
. (5)
The first term in the integrand (5) describes the energy
of non-homogeneity.
The pressure tensor will be obtained from equation of
the state of the system. At the given presentation of
the free energy, the pressure tensor is determined by the
formula50
Pαβ =
(
p−
K
2
(~∇n)2 −Kn∆n
)
δαβ +K
∂n
∂xα
∂n
∂xβ
, (6)
where p = nf ′(n) − f(n) is the equation of the state, p
is the isotropic pressure.
Taking into account (6), we rewrite the equation (4)
finally in the form42
∂ui
∂t
+ uk
∂ui
∂xk
+
1
m
∂
∂xi
(
−K∆n+
∂f
∂n
)
+ ν∆ui
+(ς/m+ ν/3)
(
∂
∂xi
)
div~u+
ui
τsc
= 0. (7)
Eqs.(1,7) are the equations of hydrodynamics for an ex-
citon system. These equations differ from the hydrody-
namic equations, investigated in49, by the presence of the
terms of the right side in Eq.(1), which take into account
the lifetime and pumping, and by the presence of the
third term in Eq.(7), which describes a condensed phase.
It follows from the estimations, made in the work49, that
the terms with the viscosity coefficients are small and we
shall neglect them.
In the case of a steady state irradiation of the system,
the Eqs.(1) and (7) have the solution n = Gτ , u = 0.
In order to investigate the stability of this solution we
consider the behavior of a small fluctuation of the exciton
density and the velocity from these values: n → n +
δn exp(i~k · ~r + λt), u = δu exp(i~k · ~r + λ(~k)t). After
substitution these expressions in Eqs.(1, 7), we obtain in
the linear approximation with respect to the fluctuations
the following expression
λ±(~k) =
1
2
(−(1/τsc + 1/τex)
±
√
(1/τsc − 1/τex)2 −
4k2n
m
(k2K +
∂2f
∂n2
)), (8)
It is follow from (8), that both parameters λ±(~k) have
a negative real part at small and large values of vector
~k and, therefore, the uniform solution of hydrodynamics
equation is stable. But the value λ+(~k) may be positive
in some interval of vector ~k , when ∂
2f
∂n2 becomes nega-
tive. In these case the uniform distribution of the exciton
density is unstable with respect to a formation of non-
homogeneous structures. The instability arises at some
threshold value of exciton density and at some critical
value of the wave vector. Analysis of the equation (8)
gives the following expression for the critical values of
the wave vector kc and the exciton density nc
k4c =
m
Kncτscτex
, (9)
k2cnc
m
(
k2cK +
∂f(nc)
∂n2c
)
+
1
τscτex
= 0. (10)
5For stable particles (τex → ∞) the equations (9,10)
give the condition ∂f∂n2 = 0, that is condition for spinodal
decomposition for a system in the equilibrium case.
Depending on parameters the Eqs.(1,7) describe the
ballistic and diffusion movement of the exciton system.
The relaxation time τsc plays the important role in a
formation of the exciton moving. Due to arising of the
nonhomogeneous structures, the exciton currents in the
system exist (~j = n~u 6= 0) even under the uniform steady-
state pumping. Excitons are moving from regions with
the small exciton density to the regions with the high
density. In the presented paper we shall consider the
spatial distribution of exciton density and exciton current
in the double quantum well under steady-state pumping.
In this case the exciton carrent is small and we suggest
the existence of the next conditions
∂ui
∂t
<< ui/τsc. (11)
uk
∂ui
∂xk
<< ui/τsc. (12)
Particularly, the Eq.(11) holds under the study of the
steady-state exciton distribution. The fulfilment of
Eq.(12) will be shown later after some numerical calcu-
lations.
Using the conditions (11) and (12) we obtain from
Eq.(7) the value of the velocity ~u
~u = −
τsc
m
~∇
(
−K∆n+
∂f
∂n
)
, (13)
As the result the equation for the exciton density current
may be presented in the form
~j = n~u = −M∇µ, (14)
where µ = δF/δn is the chemical potential of the sys-
tem, M = nD/κT is the mobility, D = κTτsc/m is the
diffusion coefficient of excitons.
Therefore, the equation for the exciton density (1)
equals
∂n
∂t
=
D
κT
(−Kn∆2n−K~∇n · ~∇∆n)
+
D
κT
~∇ ·
(
n
∂2f
∂n2
~∇n
)
+G−
n
τex
. (15)
Just in the form of (15) we investigated a spatial dis-
tribution of the exciton density at exciton condensation
at different dependencies f on n [22, 23, 33, 38, 39]. So,
our previous consideration of the problem corresponds
to the diffusion movement of hydrodynamics equations
(1,7). At some conditions, applied to the functional F
the uniform solution is unstable, and the spatial struc-
ture arises in the system. For the system under study the
condensed phase appears, if the function f(n) describes
a phase transition. In the papers mentioned above the
examples of such dependencies were given. Here, we an-
alyze an other dependence f(n), which often is also used
in the theory of phase transitions. We shall approximate
the density of the free energy in the form
f = κTn(ln(n/na)− 1) + a
n2
2
+ b
n4
4
+ c
n6
6
, (16)
where a, b, c are the constant values. Three last terms
in the formula (16) are the main terms, they arise due
to an exciton-exciton interaction and describe the phase
transition. The first term was introduced in order to de-
scribe the system in a space, where the exciton concen-
tration is small(if such region exists in the system). With
increasing the exciton density the term an
2
2
must mani-
fests itself firstly. It gives the contribution the an value
to chemical potential. The origin of this term is con-
nected in our system with the dipole-dipole interaction
that should become apparent at the beginning due to its
long-range nature. For estimations of a we may use for
the dipole-dipole exciton interaction in double quantum
well the plate capacitor formula an = 4πe2dn/ǫ, where
d is the distance between wells, ǫ is the dielectric con-
stant. This formula is used usually for a determination
of the exciton density from the the experimental meaning
of the blue shift of the frequency of the exciton emission
with the rise of the density. It is follow from the formula
that a = 4πe2d/ǫ. This expression is approximate be-
cause it does not take into account the exciton-exciton
correlations32,51. When the exciton density growths the
last two terms in (14) begin to play a role. An exis-
tence of the condensed phase requires that the value b
was negative(b < 0). For stability of the system at large
n the parameter c should be positive (c > 0). It is sug-
gested in the model, that the condensed phase arises due
to the exchange and van der Waals interactions. For the
system with the large distance between wells the dipole-
dipole interaction exceeds attractive interaction and the
condensed phase does not arise. The disappearance of
chemical potential minimum as a function of n with in-
creasing of the parameter a (with increasing the distance
between the quantum wells) is presented in Fig1.
Let us introduce the dimensionless parameters: n˜ =
n/no, where no = (a/c)
1/4
, b˜ = b/(ac)1/2, ~˜r = ~r/ξ, where
ξ = (K/a)1/2 is the coherence length , t˜ = t/t0, where
t0 =
κTK
Dnoa2
, D1 =
κT
ano
, G˜ = Gt0/n0, τ˜ex = τ/t0. As
the result the equation (15) is reduced to the form (here-
inafter the symbol ∼ will be omitted in the equation)
∂n
∂t
= D1∆n− n∆
2n+ n∆n(1 + 3bn2 + 5n4)
−~∇n · ~∇∆n+ (~∇n)2(1 + 9bn2 + 25n4) +G−
n
τex
. (17)
The solutions of the equation (17) are presented in
Fig.2 in the one-dimensional case (n(~r, t) ≡ n(z, t))) for
three values of the steady-state uniform pumping. The
solutions are obtained at the initial conditions n(z, 0) =
0 and the boundary conditions n′(0, t) = n′(L, t) =
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FIG. 1: Qualitative dependence of the chemical potential
on n. The parameter a for the thin line is greater than for
the thick line. The parameters b and c are the same for both
curves.
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FIG. 2: The spatial dependence of the exciton density at
the different value of the pumping: for the continues line G =
0.0055, for the periodical line G = 0.008, for the dashed line
G = 0.0092. D1 = 0.03, b = −1.9
n′′(0, t) = n′′(L, t) = 0, where L is the size of the sys-
tem. The periodical solution exists in the some inter-
val of the pumping Gc1 < G < Gc2. At the great size
of the system the structure of the solution (the period
and the amplitude of the lattice) does not depend on
the boundary conditions. At the given parameters the
periodical solution exists at 0.0055 < G < 0.0092. Out-
side this region, the solution describes a uniform system:
the gas phase at the pumping less the lower boundary
value and the condensed phase at the pumping greater
upper boundary value. Upper part of the periodical dis-
tribution corresponds to condensed phase, the lower one
corresponds to the gas phase. The size of the condensed
phase increases with the change of the pumping from Gc1
to Gc2. At G > Gc2 the state with uniform distribution
of condensed phase emerges.
Fig.3 shows the spatial dependence of the exciton cur-
rent calculated by the formula (14). The current equals
zero in the centers of the condensed and gas phases and
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FIG. 3: The spatial dependence of the exciton current at
G = 0.008, D1 = 0.03, b = −1.9.
it has a maximum in the region of a transition from the
condensed phase to the gas phase.
Let us do some estimations. It is seen from Fig.2,
that the exciton density in the condensed phase redou-
ble approximately in comparison with the density in the
gas phase. The results for the currents in Fig.3 is pre-
sented in dimensionless units: j˜ = j/jo, where jo = nouo,
uo = (τscnoa)/(mξ) is the unit of the velocity. The ex-
citon density presented in Fig.2 in dimensionless units
(n˜ = n/no). It is seen from Fig.2 thatn˜ ∼ 1, and
the magnitude of n has an order on no. So, for esti-
mations we may suppose that noa corresponds to the
shift of the luminescence line with increasing the exci-
ton density, also the magnitude of ξ has the order of the
size of the condensed phase. For the following magni-
tudes of parameters τsc = 10
−11s, noa = 2 · 10
−3eV,m =
2 · 10−28g, ξ = 2 · 10−4cm, we obtain uo ∼ 10
6cm/s. Ac-
cording to calculations (see Fig.3) the magnitudes of the
current and the velocity are in two orders of the values
less than their unit. So, at chosen parameters, the maxi-
mal amplitude of the velocity of the exciton density flux
in the dissipative structure in the double quantum well
equals 104cm/s. In order to verify the fulfilment of the
condition (12), let us suppose that (∂ui)/(∂xk ∼ u/l),
where l is the period of the structure. It follows from
experiments5,8 that l ∼ (5 ÷ 10)µm). Using these date
we obtain that the condition (12) is satisfied very good.
This condition is violated at τsc ≥ 10
−9s. It is the very
large value. The calculation using uncertainty principle
from the band width of the narrow line (2 · 10−4eV)2,3
gives more less the magnitude 3 · 10−12s. Therefore, the
formation of nonuniform exciton dissipative structures in
the double quantum well occurs by the diffusion move-
ment of excitons. For a proof of the main equation (15)
the last term in Eq. (2), which describes the loss of the
momentum due to scattering on defects and phonons, is
of importance. Just this term describes the processes,
which cause a decay of the exciton flux. From the view-
point of the possibility of the appearance of superfluidity,
the situation for excitons is more complicated than that
for the liquid helium and for the atoms of alkali metals at
ultralow temperatures. In the last systems, the phonons
7(moving of particles) are intrinsic compound part of the
system spectrum, the interaction between phonons (par-
ticles) are the interaction between of atoms of the system
and does not cause the change of the complete momen-
tum of the system and its moving as whole. Phonons
and defects for excitons are external subsystems, which
brake the exciton moving. Therefore, for the creation
of exciton superfluidity it is needed, that the value of
τsc growths significantly. It is possible for exciton po-
laritons, which weekly interact with phonons; and there
is a certain experimental evidence on an observation of
the polariton condensation52. For the indirect excitons
the critical temperature of the superfluid transition is
strongly lowered by inhomogeneities53,54. So, the ques-
tion about the possibility of the superfluidity existence
for the indirect excitons on the base AlGaAs system is
open.
Thus, the peculiarities, that are observed at large den-
sities of the indirect excitons, may be explained by the
phase transitions in the system of the particles with at-
tractive interactions and the finite value of the lifetime
without an involvement of the Bose-Einstein condensa-
tion.
III. EXCITONIC AUTOSOLITONS
As it was shown, at n < nc1(G < Gc1) the uniform
solution of Eq. (17) is stable. But, at some limits of a
pumping at G < Gc1 there exists a stationary solution
for the exciton density distribution localized in a space.
For example, with the parameters used for calculations
of the exciton distribution in Fig.3, the threshold value
of the pumping equals Gc1 =0.0055; but, at a steady-
state pumping there is the spatial nonuniform solution
of the equation (17) at G < Gc1 in the form of an iso-
lated spike. It may be obtained solving Eq.(17) at the
pumping, which consist of a constant value G0 and an
additional pulse dG with the maxima in the some point
of the space and in the time moment
dG = s exp[−w(z − z0)
2] exp[−p(t− t0)
2] (18)
where s, w, p are parameters. The formula (18) describes
a pulse of the pumping, which acts during some time
interval with the maximum in the point z0.
The solution of Eq.(17) obtained under an application
of the addition pulse (18) in the region z0 = L/2 has
at t → ∞ the form presented in Fig.4. The solution
exists at t → ∞, i.e. at the times, when the action
of the addition pulse is absent already. The shape of
the spike n(z) does not depend on parameters s, w, p,
except cases, when at least one of these parameters tends
to zero and becomes less some value. In addition, the
solution in the form, presented in Fig.4, arises also, if the
additional pulse is absent, but there is some distribution
of the exciton density in the initial time t = 0:
n(z, 0) = s0 exp(−w(z − z0)
2). (19)
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FIG. 4: The spatial dependence of the exciton density of
the excitonic autosoliton at the pumping G = 0.005 < Gc1;
D1 = 0.03, b = −1.9.
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FIG. 5: The spatial dependence of the exciton current in the
localized state at the pumping G = 0.005 < Gc1; D1 = 0.03,
b = −1.9.
Fig.5 shows the distribution of exciton current in the
vicinity of the localized solution. The current changes
the sign in the center of the localized state of the den-
sity.
We have verified by direct calculations, that the solu-
tion presented in Fig.4 in the form of a localized distri-
bution of the density is stable. We call the state, that
describes this solution localized in space, by excitonic au-
tosoliton. The spatial dependence of the exciton density
will be designated by nas(z). The autosolitons exist in
the some regions of the pumping Gcas < G < Gc1. At
chosen parameters in Fig.4 the autosolitons arise under
conditions 0.003 < G < 0.0055. The solutions exist in
the form of the autosoliton side by side with the uniform
solutions. The lower boundary Gcas depends on exciton
parameters, particulary, on the exciton lifetime.
Excitonic autosolitons correspond to solitary solu-
tions of nonlinear equations for the excitons (17). The
name“auto” is introduced according to55; it underlines,
that the solitary solutions arise in the dissipative system
in a contrast to ”solitons”, which appear in conservative
systems. The obtained here autosolitons correspond to
the ”static autosolitons” according to the classification55.
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FIG. 6: The spatial dependence of the exciton density of the
dark autosoliton at G = 0.0095 > Gc2; D1 = 0.03, b = −1.9 .
The solutions in the form of the autosolitons are degener-
ated: if there is a solitary solution nas(z),then nas(z−z0)
will be also solution at the arbitrary z0 (in the infinite
medium). But, if there is an external field in a system,
which creates a spatial dependent additional potential for
excitons, the solitary excitation moves. Thus, at linear
spatial dependence of the additional potential energy in
the formula of the free energy (16) the term δV = −dz
should be added. In this case the equation (17) has the
solution in the form of autowaves nas(z − vt), where v
is the velocity of the autowave. In the region, in which
the periodic solution of the exciton density takes place
(G(c1) < G < G(c2)), such autowaves were investigated
in the work38.
Localized solutions exist also in the some region at
the pumping greater the value, at which the periodical
structure arises (G > G(c2)). The dependence of the
exciton density may be obtained from Eq.(17) choosing
an additional pumping pulse in the form (18), but at
a < 0. An example of such solution is presented in Fig.
6. These structures appear in the form of a dip, and
can be called ”dark autosolitons” by analogy with the
soliton’s terminology.
To explain the appearance of the autosoliton-type solu-
tion we recall that the phase transition are investigated in
the paper. As is known, there exists the region between
spinodal and binodal, in which the creation of a nucleus
of new phase is needed for phase transition. The size of
the nucleus should exceed some critical value. The ob-
tained critical value of nc (Eqs.(9,10)) is based under the
consideration of the small fluctuations and corresponds
really to the boundary of the spinodal region corrected
by non-equilibrium state of the system. The autosoliton
arises at pulses larger some critical value. So, the appear-
ance of autosolitons corresponds to the appearance of the
nucleus outside the spinodal boundary for phase transi-
tions of the stable particles. A size of the new phase of
the stable particles increases with time, while the distri-
bution density of the unstable particles (excitons) does
not depend on the time (at a steady-state pumping). It
explains the existence of the localized states of exciton
distribution outside the region of the instability of an
uniform distribution. It should be noted, that in the
phase transition approach of nucleation-growth with an
generation on unstable particles24–26 the existence of the
condensed phase islands outside the spinodal region is
taking into account automatically, because this approach
consider fluctuations, which do not presented in the equa-
tion (17).
The model of the nucleation-growth, which we used un-
der the investigation of the exciton condensation in24–26,
is close to the methods, used in56–58 under the investiga-
tion of electron-hole droplets in germanium and silicon.
But in contrast to the works56–58 we took into account
the correlation in the spatial positions of the droplets
(the islands in the two-dimensional case), that allows to
describe the different structures, mutual positions of of
islands, their concentration, the formation of the period-
icity and other properties, which are observed in quan-
tum wells on the base of the AlGaAs system.
IV. CONCLUSIONS
In the work, the several problems of the theory of in-
direct exciton condensation in quantum well on the base
AlGaAs crystal are considered.
The hydrodynamic equations for excitons were build
with taking into account a possibility of the condensed
phase formation, the finite lifetime of excitons, the scat-
tering of excitons by defects. The analysis of the equa-
tions was fulfilled for the diffusive exciton flow. The equa-
tions explain many spatial excitonic structures obtained
under experimental investigations of indirect excitons in
quantum wells on the base AlGaAs without an involve-
ment of the Bose-Einstein condensation of excitons.
Also, solutions of the equations in a form of solitary lo-
calized states (the bright and dark exciton autosolitons)
were found. They exist side by side with the steady-state
exciton density state and may be excited by the addi-
tional pulse greater some threshold value. In the model
of the nucleation-growth these solutions correspond to
the nuclei of the condensed phase in a gas phase (the
bright autosolitons) and to the nuclei of the gas phase in
the condensed phase (the dark autosolitons).
It was shown, that the results of the experiment41,
in which has been obtained, that the emission spectrum
from the condensed phase region is shifted to shortwave
side in a comparison of the emission spectra from the
region of the gas phase, do not contradict to the model
with an attractive interaction between excitons. For the
explanation it was taking into account, that a formation
of the emission spectrum occurs by both free and trapped
excitons.
9Appendix A: Distribution of excitons between
localized and delocalized states
According to41 the frequency of the emission from the
islands on the ring around the laser spot is higher, than
the frequency of emission from the region between is-
lands. The authors made the conclusion41, that inter-
action between excitons is repulsive, and, therefore, the
formation of the condensed phase by attractive interac-
tion is impossible. It contradicts the main assumption of
the works24–28, though these works explain many exper-
iments. Now we remove this contradiction, taking into
account the presence of localized excitons.
Residual donors and acceptors, defects, inhomoge-
neous thickness of the wells create an accidental fluctu-
ating potential, which may be the reason of appearance
of the localized levels. Till now the explanation of the
creation of the localized states is not determined defi-
nitely, but their existence is confirmed by the presence
of an emission in the region of the frequencies less the
frequency of the exciton band emission and broadening
of exciton lines. At the low temperature and at the small
pumping the main part of the band consists of the emis-
sion from defect centers, the part of the exciton emission
growths with increasing pumping. Let us consider the
relation between the contribution to the emission band
intensity from free excitons and the excitons localized on
defects. Since the defect structure of the samples depends
on their preparation, a solution of this problem can not
be solved in general. We shall use some approximations.
We shall consider the energy distribution of electron-
hole pairs at steady-state irradiation. Such pair may be
the delocalized exciton in the exciton band and an elec-
tron and hole localized near a defect or in the region
with a modified thickness of the well. For small density
of the excitation (the electron-hole pairs) the interaction
between them may be neglected. Due to long-range char-
acter the dipole-dipole interaction, which appear with in-
creasing the excitation density, gives an identical shift of
delocalized and localized levels. It means that this in-
teraction do not influence on mutual distribution of the
localized and delocalized states. We shall suggest that
the localized states are saturable, namely, every center
may capture a restricted number of excitations. In our
calculations we shall assume that only single excitation
may be localized on the defect. Another excitations are
or absent or have very low binding energy and are un-
stable. The dependence of a density of localized states
on energy was chosen in the exponential form, namely
ρ(E) = αNlexp(αE), where Nl is the density of the de-
fect centers, E is the depth of the trap level. The exciton
states (free and localized) are distributed on levels after a
creation of electrons and holes by an external irradiation
and their subsequent recombination and relaxation. Be-
cause the time of the relaxation is much less than the ex-
citon lifetime, the distribution of excitation between free
and localized states corresponds to to a state of thermo-
dynamical equilibrium. In considered model we should
obtain the distribution of electron-hole pairs, a popu-
lation of which on a single level may be changed from
zero to infinity for E > 0 (the free exciton states) and
from zero to one for E < 0 (the localized states). For-
mally, in considered system the free excitons have Bose-
Einstein statistic and localized excitations obey Fermi-
Dirac statistic. At small exciton density Bose-Einstein
and Boltsmann statistics give the similar results for the
free excitons, but the application of Fermi-Dirac statistic
for localized states with single level for one trap is im-
portant. The equation for the energy distribution may
be find from minima of large canonical distribution
w(nk, ni) = exp
(
Ω+Nµ− E
κT
)
, (A1)
where N = Σini + Σknk, E = ΣiniEi + Σk,lnkEk, ni =
0, 1, nk = 0, 1, ...∞, k is the wave vector of the exciton, l
designates the singular levels. µ is the exciton chemical
potential.
The distribution of excitons over free and localized
level is determined from minimum of the functional (A1).
As the result we obtain the following conditions for the
mean values of the free exciton density n and the density
of the localized states nL
nex =
gν
4πEexa2ex
∫ ∞
0
dE
exp(E−µκT )− 1
, (A2)
nL = αNl
∫ 0
−∞
exp(αE)dE
exp(E−µκT ) + 1
, (A3)
where aex = (h¯
2ε)/(µexe
2) and Eex = (µexe
4)/(2ε2h¯2)
are the radius and the energy of the exciton in the ground
state in bulk material, g = 4, µex is the reduced mass of
the exciton, ν is the ratio of the reduced and the total
mass of the exciton. The chemical potential µ is deter-
mined from condition
nL + n = Gτex, (A4)
where Gτex is the whole number of excitation (free and
localized) per unit surface.
The dependence of the distribution of the free and
the localized exciton on pumping is presented in Fig.7
as function of whole number of the excitation presented
in units of 1/a2ex Let us the exciton radius equals 10nm.
Then the concentration of the traps and the width of
the distribution of trap levels, chosen under calculations
of Fig.7, have the order of 109cm−2 and 0.003eV, corre-
spondingly.
As it is seen from Fig.7 that the number of the localized
excitations exceeds at small pumping the number of free
excitons and the emission band should be determined by
the emission from the traps. With increasing pumping
the occupation of the trap levels become saturated. For
chosen parameters the concentration of excitations at the
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FIG. 7: The dependence of the density of the free (thick
line) and trapped (thin line) excitons on the pumping. The
parameters of the system: T = 2K,Nl = 0.001/a
2
ex , α =
300(eV)−1
saturation is a value of the order of 109cm−2. Simulta-
neously with the saturation of the localized levels the ex-
citon density growths. As the result, the shortwave part
of the emission band should be increased with increasing
pumping. When the exciton density becomes great, the
collective exciton effects begin to manifest themselves.
The equations (A2,A3) do not take into account the in-
teractions between the excitations, and special models
and theories are needed for descriptions of collective ef-
fects. The appearance of a narrow line was observed in2
with increasing pumping on the shortwave part on the ex-
citon emission band. Simultaneously, the patterns arise
in the emission spectra. The narrow line appeared af-
ter the localized states becomes occupied. According to2
this line is connected with the exciton Bose-Einstain con-
densation. According to our model24, the islands of con-
densed phase arise, if the exciton density become higher
some threshold value, and the narrow band corresponds
to the condensed phase, caused by the attractive interac-
tion between excitons. The energy per single exciton in
the condensed phase is less than the energy of free exci-
tons (the thick line in Fig.8), but the gain of energy under
condensation is less than the whole bandwidth, which are
formed by the localized and delocalized states. The gain
of energy is significantly less than the binding energy of
the exciton to an electron -hole drop in silicon and germa-
nium. According to3,4 the narrow band is shifted to the
red side with increasing pumping in the value less than
0.5 meV, while the whole bandwidth has the order of 2
meV. So, the energy of photons emitted from the islands
of condensed phase is higher than the energy of photons
emitted by traps. The excitons can not leave the con-
densed phase (the islands) and move to the traps (to the
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FIG. 8: The distribution of excitations in the traps and in
the states of exciton band. The thick line in fig.8a corresponds
to the energy per single exciton in the condensed phase. On
the right (fig.8b) the upper line describes the whole emission
from the island (the emission of both the condemned phase
and trapped excitons), the low line describes the emission of
the trapped excitons.
states with lower energy) since the levels of the traps are
occupied already. Thus, the emission frequency of the
condensed phase is larger, than the emission frequency
of the gas phase, even at the attractive interaction be-
tween excitons. It may be reason of obtained in41 results
in which the maximum of the frequency of the emission
from the islands is higher than the maximum frequency
from the regions between the islands.
The qualitative results coincide with the results ob-
tained from the solution of kinetics equations in42 for
level distributions. The similar behavior of the distribu-
tion of free and trapped excitons takes place for an other
energy dependence of the density of localized states. We
confirmed the results for the gaussian density distribu-
tion.
The results may be applied for explanation of inten-
sity and temperature dependence of the exciton emission
of dipolar excitons in InGaAs coupled double quantum
wells59. The authors observed with increasing pumping
the growth of the shortwave side of the emission band,
the narrowing of the band. They obtained that the short-
wave side of the band is very sharp. These results may be
explained by suggestion, that the lower part of the band
is formed by localized states. After the saturation of the
localized states with increasing pumping, the excitations
begin to occupy the levels of free excitons. Since the
density of exciton state is much greater than the density
of defect states the shortwave edge of the band is sharp.
The exciton condensed phase may not arise in the system
investigated in59 as the distance between wells (17nm) is
greater than the distance in the system investigated by
the Timofeev’s group2(13nm), so the repulsive dipole-
dipole interaction between excitons in59 may be larger
than the attractive interaction.
It should be noted, that in the work5 the band of the
emission from the condensed phase is wider than the nar-
row band that was observed in the work4, where the an-
other method of the creation of excitons was applied.
Maybe, it is related to the fact, that in the work5, ex-
citons were created in the region of the p-n transition:
the electrons approach this region from one side, and the
11
holes move to the region from other side. The excitons
are situated in a space between the regions rich by elec-
trons from one side, and by holes from other side. To
combine into excitons, electrons and holes should surely
go through the region of the condensed phase. Therefore,
this region contains the charges, which create an electric
field and cause the broadening of the emission band.
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